We apply improved Taylor expansion method which is one of the variational schemes to Ising model in two-dimensions. It enables us to evaluate free energy and magnetization at strong coupling regions from weak coupling expansion even in the presence of the phase transition. We determine approximated transition point in this scheme. In the presence of external magnetic field we can see not only stable physical states but metastable one.
Introduction. More often than not do we encounter a situation in which it is difficult to evaluate physical quantities by means of the standard perturbation methods because, for example, the theory under consideration does not have any small parameters to be expanded by. As non-perturbative methods, variational schemes have been applied to such circumstances with great success, in which one or more auxiliary parameters are introduced in the model. Optimized perturbation theory [1] is a systematic improvement of variational methods, formulated on the basis of the "principle of minimal sensitivity". In zero and one dimensions it is proved that the optimized series converges [2] . This method has been applied to, among others, matrix models of superstring theory and their simplified toy models [3, 4, 5, 6, 7, 8, 9, 10] . It was first recognized in [9] that the minimal sensitivity is realized in auxiliary parameter space as plateau, a region on which physical quantities stay stable, and that the emergence of it might be regarded as a signal to judge whether the method works or not. It was also argued that the optimized perturbation theory can be concretely embodied in the form of an improvement of Taylor series which is obtained by the standard perturbation theory.
In this article we would like to make our understandings of the method more keen through an application to Ising model in two-dimensions 1 . Here we do not aim to calculate up to as high orders as possible in order to pursue more accurate estimates in a given scheme of approximation, but rather to show that the physical information can be extracted from relatively low order of perturbation by the method. In the actual problems such as QED, QCD, and so forth, no more than first three or four terms are available in perturbation theory, from which we are required to extract physical information 2 .
In the following we first briefly recall that the optimized perturbation method can be understood as improved Taylor expansion (ITE). Then we will apply it to the Ising model in two-dimensions to see the method does work in a system which exhibits a phase transition. By applying the ITE to this model we will show that ITE teaches us a phase which is invisible from another phase in perturbation expansion. We also investigate this model to which extent we are able to understand the critical behavior from the ITE analysis.
Improved Taylor expansion. Suppose we have some quantity F (m, λ) which is an implicit function of parameters m and λ, and we would like to evaluate it at some definite values of the parameters. In order to resort to perturbation techniques we regard one of the parameters λ as an expansion parameter, which is not necessarily small at present. The parameter m might be in general a set of parameters, but we will not consider such cases in this article. Then one might perform a formal perturbative expansion with respect to λ up to some finite order, say, N -th order which depends on the problems at hand (or our ability). From those N + 1 coefficients of expansion we obtain a sequence of finite series F 0 , F 1 , . . . , F N as
Each series is not necessarily convergent because the expansion parameter λ might be large (outside the convergence radius), or even for small λ it would turn out to diverge at some order if it is an asymptotic series. Our task here is to improve the convergence of this series. We introduce a formal expansion parameter g and an auxiliary parameter m 0 , and make substitutions:
in the arguments of each series F i (λ, m). One can easily see
where g=1 means that we substituted g = 1 at the end. It might not be obvious from the above expression that they are independent of the parameter m 0 . However, once we drop the O(g i+1 ) terms, the coefficient functions become dependent on m 0 . By these steps we obtain a new sequence of series which we call as improved functions:
According to the principle of the minimal sensitivity [1] , the improved functions best approximate the exact value when they are evaluated in the regions where they are least sensitive to the auxiliary parameter m 0 . We regard that the minimal sensitivity should be incarnated on such regions which we denote as plateau [9] . It is a rather intricate problem to identify a plateau, especially when there are many auxiliary parameters. 3 We do not have any quantitative nor mathematically rigorous definition of plateau. However in the case of a single auxiliary parameter, one may plot graphs of the improved series as functions of parameters. A close looking of the graphs enables us to recognize, at least qualitatively, whether there is a plateau or not.
Ising model. Ising model [15] is one of the simplest models which exhibit phase transitions. We will test the ITE in the Ising model on the two-dimensional square lattice in an uniform magnetic field h. The total number of sites is denoted by V which defines the volume of the system. Hamiltonian is given by
where σ i located on the site labeled by the index i takes the value ±1, interacting only with the nearest neighbors with strength J(> 0). Pairs of neighboring sites are denoted as ij . The partition function is defined as
where we normalize the coupling and external field in unit of k B T . The sum is taken over all possible configurations. The exact free energy was obtained by Onsager [16] :
where k = tanh(J). The exact expression of magnetization [17] is also given by
In the following, we will first apply the ITE to the weak coupling expansion and then to the strong external magnetic field expansion.
Weak coupling expansion. We will employ the weak coupling expansion 4 and construct the following series:
We calculate z n (h) up to fourth order in J:
Note here we are neglecting the effect of the boundaries, which is irrelevant in the large volume (thermodynamic) limit. The free energy density at j-th order is obtained by the series expansion up to order j of the logarithm of the partition function:
where j denotes truncation up to j-th order in J. Since we have the partition function up to fourth order in J, one can easily obtain the fourth order free energy density as a function of J and h:
which is independent of V as it should be. Magnetization density is obtained by differentiating the free energy density with respect to the external magnetic field h:
which leads to
In the following we call free energy density and magnetization density simply as free energy and magnetization respectively.
Applying ITE. Having obtained the basic ingredients via perturbative calculations around J = 0, we apply ITE to the series so that we might gain better information, especially at large J (low temperature). We introduce a formal expansion parameter g and an auxiliary parameter h 0 , and make the substitutions:
in the expressions of free energy (12) and magnetization (14) . After taking Taylor expansion around g = 0 up to the specified order and then setting g = 1, we obtain improved functions. In the present case we have the free energy and the magnetization up to fourth order in g. We have sequences composed of five improved functions of free energy f imp i (J, h; h 0 ) and magnetization m imp i (J, h; h 0 ), which contain the fictitious parameter h 0 . We list the explicit forms of these improved functions in the appendix A.
In order to investigate spontaneously magnetization, we put the external magnetic field to zero, h = 0, in the improved functions. One can compare the results which will be obtained by the ITE with the exact values (7), (8) to test the validity of the method.
Before discussing the improved functions in detail, let us comment on the asymptotic behavior of the functions at the origin and ±∞ of the auxiliary parameter. At the origin h 0 = 0, the improved free energy at i-th order coincides with the original one at the same order as a function of J, e.g.,
As for the asymptotic behavior at ±∞, all of the improved free energies become close to −2J (except f imp 0 which diverges):
where we restored h for later convenience. This shows that the improved free energies are insensitive to the parameter h 0 in large |h 0 | and thus form two flat regions. However, we do not regard those asymptotic flat regions as plateaus, because they are irrespective of the order of perturbation; we consider here that the plateau is meaningful when it shows such behavior that it develops as the order increases. This also implies that we have to judge from the whole sequence of the improved series, rather than from solely the highest order of the functions. With these in mind let us study the behavior of the improved functions in detail. Figure 1(a) shows the fourth order improved free energy f imp 4 as a function of h 0 at J = 0.01, 0.1, 0.2, 0.3, 0.4, and 0.5. As we vary J, one sees a clear transition in the shape of the improved free energy which reflects the fact that there are two phases corresponding to small J (disordered) phase and large J (ordered) phase in the Ising model. At small values of J (high temperature region) a set of the improved free energies form a clear plateau around h 0 = 0 on which the value of the improved free energies approximate the exact value. This is not so surprising because the original free energy is obtained by small J perturbation and it already well approximates the exact value. As we have seen above, at h 0 = 0, which is on the plateau, the fourth order improved free energy is the same form as the original one.
On the other hand, at relatively large J (low temperature region) one can recognize that plateaus develop around the region near h 0 ∼ ±2 as the order of the improved free energy increases, and we may estimate the approximated value of the free energy on these plateaus, which is close to the exact value expressed by a horizontal line (Figure 1(b) ). We would like to emphasize that we have obtained the relatively large J physics from the data of small J expansions.
Although the emergence of plateaus at non-zero h 0 in improved free energies may be a signal of occurrence of spontaneous magnetization, we have to investigate the magnetization itself to see how much amount the system magnetizes spontaneously. In Figure 2 we plot them from zeroth to fourth order at J = 0.1 and in Figure 3 at J = 0.6 . In Figure 2 , one sees the slopes become gentle and a plateau emerges near the origin as the order increases. On the other hand, Figure 3(a) shows the slopes at the origin become steeper as the order increases whereas two plateaus develop around h 0 ∼ ±2. It also provides the approximated value of magnetization which is close to the exact value represented by the horizontal line in Figure 3(b) .
The two phases are characterized by the spontaneous magnetization. If the plateau corresponds to the ground state realized at the particular J, the critical point will be recognized by the disappearance of the plateau formed at and near the origin. As we have mentioned, the slope at the origin get steeper or gentler as we increase the order according to the value of J. Thus for each order of approximation the critical point is determined by the condition that the difference between the derivative of the magnetizations of n-th and (n−1)-th order becomes zero at the origin. Thus we find
The critical temperature at first order (J (1) c = 0.25) is the same as that calculated in the mean field approximation, as expected. As we increase the order, the approximated critical point gets close to the exact value J c = 1 2 ln(1 + √ 2) = 0.440 · · · . It is interesting to note that this quantity turns out to be the second derivative of improved free energy with respect to h 0 at the origin: Thus the phase transition point is understood in terms of the improved free energy in the following way. The plateau at the origin in disorder phase is a local minimum, and as we increase J it becomes a local maximum and new minima appear. The critical point is nothing but the phase transition point.
It is also interesting to see what happens when we turn on an external magnetic field. We substitute h = 0.05, for example, in the improved functions. Turning on an external field makes two degenerated plateaus split in their hights (Figure 4(a) ). The plateau which has lifted up corresponds to a metastable physical state (vacuum) and the other plateau does to a stable one. ITE reveals not only stable vacuum but metastable one. However as we increase the strength of the external field, the metastable plateau disappears, while the stable plateau keeps its flat shape.
Strong field expansion. Let us proceed to the strong field expansion 5 and construct the series in terms of H = exp(−2h):
We calculate z n up to fourth order in H:
where λ = exp(−4J). The free energy density of j-th order is defined as
We obtain the free energy of fourth order:
and the magnetization:
In order to obtain improved functions we substitute the parameters as
in the expressions of free energy and the magnetization above. Expanding around g = 0 up to fourth order and setting g = 1 in the end, we obtain the improved free energy f imp i (H, J; λ 0 ) and magnetization m imp i (H, J; λ 0 ). We set H = 1 because we are interested in the case when the external magnetic field is turned off. Here we show the fourth order improved free energy f imp 4 (H = 1, J; λ 0 ) and magnetization m imp 4 (H = 1, J; λ 0 ) at various J's in Figure 5 (a) and Figure 5(b) . It is curious that there is no clear transition in the shape of the function as we vary the strength of J, as opposed to the previous case. Nonetheless an indistinct signal can be seen that the plateau located at λ 0 ∼ 0 moves to λ 0 > 0 below certain value of J, which may imply the presence of phase transition.
Conclusion. We applied improved Taylor expansion (ITE) to Ising model in two-dimensions and found that it works well in extracting the quantities in strong coupling regions from the weak coupling expansion even though these two regions are separated by a phase transition. We also determined approximated values of critical point at each order of the approximation by close examinations of improved functions of magnetization, especially at the origin of the auxiliary parameter space. Furthermore, turning on small external field reveals that ITE enables us to know the existence of not only a stable vacuum but also a metastable one. We also employed the application of ITE to the strong field expansion and found that it also works well for evaluating free energy and magnetization at weak coupling regions, whereas there is little signal to exhibit the phase transition which can be seen clearly from the weak coupling expansion.
There still remains much to be done. At the first order of approximation ITE is nothing but the ordinary variational method or the mean field approximation. A plateau is identified as the stationary points of improved free energy; thus the condition that the derivative of improved free energy with respect to auxiliary parameter becomes zero should play the role of self-consistency condition in the mean field approximation. It is interesting to investigate the role of plateau conditions at higher order of approximation. It is also interesting to evaluate various critical exponents within the ITE scheme. 
